ALEKSANDRA CIZMESIJA, JOSIP PECARIC AND LARS-ERIK PERSSON In this paper we prove a new refinement of the weighted arithmetic-geometric mean inequality and apply this result in obtaining a sharpened version of the weighted Carleman's inequality.
INTRODUCTION oo
Let (a n ) ne N be a sequence of non-negative real numbers, such that the series £^ a n n=l converges. Then the well-known Carleman inequality (1) £(IH n = l k=l n = l holds, unless a n = 0 for all n € N. Moreover, the constant e on the right-hand side of (1) is the best possible, that is, it cannot be replaced by any smaller constant. The relation (1) was discovered by Carleman in his paper [1] on quasi-analytic functions, where he gave necessary and sufficient conditions for a function not to be quasi-analytic (see [6] and [10] for further details). Since its publication in 1922, the inequality (1) has been generalised in various ways by many different authors and has found a wide range of applications. The study of Carleman's inequality is also covered by a rich literature. Here we just mention the recent review papers [7, 8, 12] , which give a comprehensive history, several proofs and some new developments related to Carleman's inequality and its integral analogue -the so-called Polya-Knopp's inequality, and also many further references.
A possible way of generalising Carleman's inequality is either to obtain its finite sections, that is, to restrict the infinite series on its both-hand sides to a finite number of terms, to enlarge the left-hand side of (1) by adding suitable non-negative terms, or to find refinements of (1) by decreasing the weight coefficients in the series on its righthand side. Moreover, although the constant factor e is optimal, Carleman's inequality can be strengthened by finding some appropriate approximations of this constant, as it was shown in a recently published sequence of papers dealing with such improvements: [2, 3, 4, 7, 8, 9, 12, 14, 16, 17, 18] .
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A. Cizmesija, J. Pecaric, and L-E. Persson [2] In particular, in [9] Kaijser, Persson, and Oberg proved the following theorem:
THEOREM A. Let (a n ) n6 N be a sequence of non-negative real numbers and let fanUeN be the non-increasing rearrangement of the sequence (a; n ) ne N, wiere x n -n(l + l/n) n a n , n £ N. Tien t i e inequalities
( S T T ) ( : ) n=l n=l
hold for all N 6 N.
N
The factor 1 -n/(N + 1) in (2) means that the usual partial sum £2 a n on the n=l right-hand side of Carleman's inequality has been replaced by the corresponding, but strictly smaller Cesaro sum, that is, the partial sums of the original sequence have been arithmetically averaged. Furthermore, if the sequence (a n ) n € N from Theorem A is such oo that the series JZ a n is convergent, then by letting N -* oo in (2) we obtain the relations which may be regarded as refinements of (1).
On the other hand, since the inequalities on the right-hand sides of the relations (2) and (3) were derived from the rough estimate (1 + 1/n)" < e, it is evident that they can be improved by using sharper approximations of e. Guided by this idea, in the paper [17] Yang obtained the following series expansion. Carleman's inequality 483
If we denote where the coefficients a* are defined as in Lemma A, then by combining (2), (4) and (5) we have
L«/2J
n=l n=l oo and, under the assumption that the series Yl a n is convergent, by taking lim also a n = l N-too corresponding result to (3) . A weighted version of (1) was noted already by Hardy in [5, p. 156].
-(However, he said that it was G. Polya who pointed out this fact to him.) A much more general weighted Carleman's inequality was recently proved by Yang in [17] . His result show THEOREM B . Let (a n ) ne N and (u; n ) n eN be sequences of real numbers, such that oo a n ^ 0, 0 < w n+ i ^ w n , n € N, and J2 w na n < oo. Tien Our aim in this paper is to state, prove and discuss a generalisation of Theorem A to the case with weights, which also may be seen as a sharpening of Theorem B (see Section 3). As a crucial step of the proof of our main result, and also of independent interest, in Section 2 we shall prove a new refinement of the weighted arithmetic-geometric mean inequality.
A REFINEMENT OF THE WEIGHTED ARITHMETIC-GEOMETRIC MEAN INEQUALITY
Before presenting our idea and results, we need to introduce some notation. For a given sequence a = (a n ) n6 N of non-negative real numbers and a sequence w -(w n ) ne tt of positive real numbers, by A n (g/,w) and G n (a;w) we denote respectively the weighted arithmetic and geometric mean of a with the weights w_, that is, 
Ln/2J
Since w^n)+ £ w *,k = w n, applying the weighted arithmetic-geometric mean inequality to the sum of [n/2j + 1 terms in the last row of (9) we obtain that A n (a\w) is not less than
The inequality (8) -max y |a^(2fc-i) + a n t 2 k) -tJaMk-iWitUk) I n xes. ^L
where (a*) n6 N denotes the non-increasing rearrangement of the sequence a. Hence, we obtained the relation
which was proved previously by Kaijser, Persson and Oberg in the paper [9] . Therefore, our Lemma 1 may be seen as a weighted generalisation of their result. [6] THEOREM 1 . Let a -(a n ) neN and w = (w n ) ne ti respectively be a sequence of non-negative and a sequence of positive real numbers, and let the sequence a = (a n ) n6 such that a n ^ 0 and 0 < w n+ i ^ w n , n € N. If the sequence r = (r n ) n 6 N is deGned as in Theorem 1 and the function ip is given by (5) , then the inequality
holds for all N G N.
PROOF: The first relation in (17) follows directly from the fact that the sequence w is non-increasing, while the second one is a consequence of Lemma A. D Therefore, the inequalities in (12) give a refinement and improvement of Theorem B. Moreover, as a special case of the relation (12) we obtain the non-weighted results described in the Introduction.
Instead of using the series expansion (4) or its finite sections (see, for example [13, 15, 16, 18] ), the factor (1 + l/x) x can be estimated by different types of approximations.
In particular, in the paper [14] [8] oo for a sequence a -(a n ) n € N of non-negative real numbers such that the series Yl a n is convergent. In [9] , the relation (13) was sharpened as follows:
where the sequence (x*) n6 pi is defined as in Theorem A and
It was also shown that the constant c* from (15) is the best possible for the relation
(16) (l + -J <
to hold for all n € N, that is, it cannot be replaced by any smaller constant. Consequently, the relation (14) cannot be further improved by an approximation of the form (16) .
Observing that since the function under the sign of sup is decreasing on [l,oo), we obtain the following weighted generalisation of (14):
COROLLARY 2 . Suppose a = (a n ) n6 N and w = (tu n ) n eN are sequences of real numbers, such that a n ^ 0 and 0 < w n+ i ^ w n , n € N. If the sequence r_ -(r n ) n e N is defined as in Theorem 1 and the constant c* is given by (15) , then the inequality w n a n n=l n=l " 
